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The findings in this report are not to be construed as an official Department of the Army position, unless so designated by other authorized documents. For an impulsive start, the boundarýy conditions prescribe a discontinuity in the velocity on the boundary. The finite difference solution of the spin-up equation is sionificantly in error unless the discontinuity is treated properly. A solution in the neighborhood of the discontinuity is derived by a direct coordinate expansion, after a stretching transformation is applied. This solution is used as an approximate initial condition; the approximation is evaluate 
I. INTRODUCTION
In the study of the stability of a liquid-filled projectile, it is necessary to determine the flow field of the liquid during the time when rotational motion is imparted to it by the container. This is called the spin-up problem.
Typically, the fluid is contained in a right-circular cylinder. In the present discussion, the fluid fills the cylinder. The coordinate system and some notation are shown in Figure 1 .
The fluid spins up from rest until it rotates like a solid, except for the flow imparted by the angular motion of the projectile which is neglected in the spin-up problem. Spin-up from rest is an inherently nonlinear problem, b't the physics is well understood. The basic work was done by Wedemeyer. 1 This and other spin-up problems are discussed by Greenspan 2 and Benton and Clark.-More recently, the spin-up problem has been solved, without the approximations 0f the Wedemeyer model, using finite difference approximations to the Navier-Stokes equations. 4 Wedemeyer's model yielded a nonlinear partial differential equation of the dirfusion type for the azimuthal velocity,* V, as a function of time and "radial coordinate but not axial coordinate. For large Reynolds number, Re, the diffusion terms in this equation can be neglected for some purposes and the solution for V is elementary; Wedemeyer neglected them in his approximate "analysis. For other important applications, the diffusion terms must be included giving a second-order, nonlinear, parabolic partial differential equation. The finite difference solutions of this equation and various "aspects of the theory, were presented by Sedney and Gerber.t Two of the main app, ications of spin-up theory are to the study of the free oscillations, the eigenvalue problem, and forced oscillations arising from the The eigenvalue problem during spin-up, i.e., determination of the frequencies and decay rates of the waves in the rotating fluid, was considered by Sedney and Gerber. 6 This theory was also used to study the spin decay of a liquid-filled projectile7 "after ejection from the gun.
In these applications an accurate solution of the spin-up equation is required.
In Reference 5 it was pointed out that one of the sources of error in the finite difference solution was the effect of a discontinuity in the boundary data when the rotation of the container' is imparted impulsively. The objectives of this report are to provide the details not included ir Reference 5, extend the treatment of this discontinuity, and to give rules for its practical implementation.
The Wedemeyer spin-up model, the finite difference method, and the impulsive start assumption are discussed in detail in Reference 5. Most of the notation here is the same as in Reference 5.
II. THE SPIN-UP EQUATION AND BOUNDARY CONDITIONS
"The cylinder, with radius a and height 2c, is filled with fluid and "initially at rest. At time t = 0, it is given an angular velocity i abeut its axis which remains constant; i.e., the angular velocity history is a step function or Heaviside function.
A description of the resulting flow is required.
Lengths, velocities, pressure, and time are made dimensioniess by a, as, psi a and S', respectively. In the inertial frame cylindrical coordinates r, 0, z are used with velocities U, V, W in those directions, respectively; the origin of z is at the center of the cylinder.
Dimensionless time is t.
Derivatives are indicated by subscripts.
The solution to the spin-up problem is governed by two nondimensional parameters: the aspect ratio c/a and the Reynolds number
where v is the kinematic viscosity of the liquid.
During spii-up boundary layers, called Ekman layers, exist on the endwalls. For Re < 10 5 , approximately, the Ekman layers are laminar, whereas they are turbulent for larger Re; obviously, this criterion is by no means precise. The spin-up equation differs for laminar and turbulent Ekman layers. These results are derivable from hr 3ar spin-up theory or the Wedemeyer solution without diffusion. The tirmi scales do not give the time for sensible conclusion of the spin-up process; they are a measure of the time for a change of 1/e from the initial state,
R. Sedney and N. Gerber, "Oscillations of a Liquid in a Rotating
The conditions for which tOe Wedemeyer spin-up model' is valid can be presented in terms of the time sLales involved. These are the time for one rotation of the container, the spin-up time and the time scale for diffusion across the radius of the cylinder. The mudel was derived on the basis of an impulsively started cylindrical cont,-iner, a condition which can only be approximated in practice. Addiional time scales must be introduced to assess the approximation to an ini, lsive start; these are discussed in Referei =e 5. The acceleration of a projectile in a gun tube is a relatively good approxiination to an impulsive start. Of course, the actual time history of projectile angular velocity in the gun tube could be used in the spin-up problem, after suitable modification of the Wedemeyer imp lsive start model, but the finite difference calcu'iation would require time steps which would be small compared to the'acceleration timu, which is t,,pically 0.02 sec, and would require a new calculation for each gun tube twist and for each zone charge.
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Such an approach is less practical and nmare time consumming than using tihe impulsive start approximation.
For an impulsive start, Wedemeyer's model 1 determines the "core flow," i.e., the flow exterior to the Ekman layers and a sidewall (Stewartson) layer. Although the action of the endwalls, through the Ekinan ,ayers, is essential t.o the spin-up process, only the solution to the core flow is determined by the model. t r
where the subscript w denotes this approximation.
To solve (2.1) or (2.3), a relationship between U and V is necessary. This is called the Ekman compatibility condition because the Ekman layer suction must be made compatible with the core flow. A phenomenological approach was necessary at this point in the theory. For laminar Ekman layers, Wedemeyer proposed
with K = 0.443; K = 0.5 often gives results in better agreement with numerical solutions to the Navier-Stokes and will usually be used here.
For turbulent Ekman layers
Using (2.4), (2.3) can be solved for V (r, t) with V (r, 0) = and V
(1, t) = 1: The solution is completed by obtaining U from or (25 a rom the continuity equation. The solutions (2.6) and 2.7 have a shear discontinuity, i.e., discontinuous Vwr, which would be smoothed out if the diffusion terms were retained in (2.1).
It follows easily from (2.1) and (2.4) that V F (r, k t, k, Re); therefore k t= t/t for K = 0.5) is the natural time scale. For the Iturbulent case k is replaced by kt, In accordance with (2.2), V is independcit of z. To solve (2.1) for V(r, t) initial and boundary conditions must be applied. For the present problem these are:
The analogy b',tween (2.1) and the heat conduction equation allows on, to deduce that these are necessary and sufficient for determining a solution. The form of (2.9) follows from the impulsive start condition. At r = 1, V * would be a specified tunction of t for a nonimpulsive start. Conditions (2.8) and (2.3) require a discontinuity in V at the point r = 1, t = 0.
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A finite difference scheme for so'ving (2.1) was presented in Referen(.
5.
Yhe value of V (1,0) is required but since 0 < V (1,0) < 1 the value is undetermined. If, for example, a value of V (1,0) = 0, 1/2, or 1 is used. there will be a significant error in V; the error is largest near r = 1. Because of the diffusive nature of (2.1), this error will decrease as t increases. However, it was found that the error was often significant even for t z ts.
Obtaining a finite difference solution when a discontinuity in boundary conditions exists can always be expected to require special treatment. The approach adopted here and presented in Section IV is to obtain a local solution which includes the effects of the discontinuity; that solution is used to generate a new initial condition. 3efore doing that we digress to consider the manner in which the discontinuity is treated for the nondiffusive equation.
III. THE NONDIFFUSIVE EQUATION
The approximation of (2.1) by (2.3) is clearly a singular perturbation since the second order equation is reduced to a first order equation. The boundary conditions (2.8) and (2.9) are applied to (2.3); (2.10) cannot be imposed but the solution (2.6) sati sfies it.
The discontinuity can be accommodated in solving (2.3), as will be shown.
It is convenient to introduce the circulation, r = r Vw, and the time scale Only the laminar case will be considered here. Then (2.3) becomes, using (2.4), rt.
(r -r/r) r 0. he set of characteristics, (3.4) , that originates at the point r = 1, "t' = 0 is called a fan. A more familiar example of a fan occurs in supersonic flow over a corner, the Prandtl-Meyer expansion. All the given data, 0 < <_ 1, at the discontinuity is convected into t' > 0 along the fan. The initial condition ro = 0 is convected along (3.3).
Using the method of characteristics provides some insight into the solution of (2.3) and, in particular, how the discontinuity is accommodated. Of course, all the information is contained in (2.6).
It could be used to obtain an initial condition for (2.1) to treat the discontinuity. (See Section V.)
It would be better than assuming a value for V(1,0) but considerably less accurate than the method discussed next. The laminar Ekman layer case will be treated in detail; the results for the turbulent case are merely indicated. Figure 3a together with the boundary and initial conditions; the discontinuity is at point P: r = 1, t = U. A solution is sought which satisfies (4.1), (2.8), and (2.9) in the neighborhood of P. The approach is to stretch the neighborhood of P, by means of a singular transformation, so that the behavior of V can be examined.
The domain of integration for (4.1) is shown in
The coo-dinates (r, t') are transformed to (R, T):
This definition of R is 1/2 £1/2 that of the R in Reference 5. The domain of integration in the transformed plane is shown in Figure 3b with the transformed boundaries of the (r, t') region indicated. The point P transforms into the positive R axis, the initial line t' = 0 transforms to the point at infinity, and r = 0 transforms into a hyperbola-like curve.
Equation (4.1) is transformed to (R, T) and a solution near T
The form of the equation suggests the expansion 
with ' = d/dR. The series (4.3) is a singular perturbation as evidenced by the fact that the partial differential equation has been replaced by ordinary differential equations and, as will be shown, the boundary condition at r = 0 cannot be satisfied.
In the terminology of Van Dyke 11 (4.3) is a direct coordinate expansion.
Such expansions are usually nonuniform, e.g., diverging for large T which is true for (4.3).
For T small enough the two-term series (4.3) gives an adequate approximation to V.
The boundary conditions for V 0 are obtained from (2.8) and (2.9):
M. Van Dyke, Perturbation Methods in Fluid Mechanics, Academic Press, New
York, NY, 1964 . For estimation purposes (4.8) is in error by 1 in the second decimal place for R = 1.34 and by 1 in the sixth decimal place for R = 3.12; for a moderately small c = .0313, corresponding to Re = 4 x 10 and c/a = 3.120, (4.9) is in error by 1 in the first decimal place for R =1.34 and by 11 in the fifth decimal place for R = 3.12.
V. APPLICATION OF THE _JLUTION FOR SMALL TIME
If the initial condition (2.8) is applied at t = O the difficulties disc;ussed in Section II arise. The limit of (4.3) as t or t + 0 is (2.8). Therefore, we must apply (4.3) at a small time, the natural choice being ontime step, At, in the finite differenc.e method. Although we shall make that choice, the method is not restricted to it.
Either the one-term or two-term solutions in (4.3) can be used. We set
at t =At or T =k At. Expressing R in terms oi the original variables gives
The functions of r computed from either (5.1) or (5.2) provide the initial conditions at t = At. The fact that V * 0 at r = 0 is of no practical concern. Only an approximate initial condition can be expected and the approximation at r = 0 is quite good. There is an indepene t test of the permissible At in the iterative finite difference calculation. The At is required to be small enough so that no more than 4 iterations are required for convergence at any time step. Experience has shown that if the t from the criterion is satisfied, (5.3) is also. The requirement on Ar for the finite difference calculation is based mainly on experience and/or tests; see Reference 5 for a discussion of this. There is obviously an interaction between the Ar error in the finite difference scheme and the accuracy of the initial condition. For small enough At, (5.2) is more accurate than (5.1), and using it gives a more accurate V for a given Ar; alternatively, for a given accuracy, a larger Ar can be used with (5.2).
The accuracy of the two-term solution, for small t, can be illustrated by comparing it with the finite difference solution of (2.1) using (2.4); a criterion for small t is given in the next paragraph. For Case 1, with Re = 4 X 104, c/a = 3.120, and e = .0313, the solution V (r, t) is shown in Fig.  5 for .84 < r < 1.0 at t -40 with initial condition (5.2) at t = At = 5.
The solutions Vo and Vo + TI/2 V, at t = 40 are plotted and show that the twoterm approximation is still accurate at t = 40. The nondiffusive solution, (2.6), is also plotted to illustate the remark at the end of Section III.
In the discussion after (4.3) the likelihood that it would diverge for increasing T was mentioned. This is illustrated in Figure 6 The crucial tests of the application of (5.1) or (5.2) is the accuracy of the finite difference solution for times comparable to ts. Results will be "17
shown for Case 3 with Re = 4974, c/a = 3.30, c = .1056, and Ki .443 giving = 525. The comparison will be given first in terms of the vorticity c = (r V)r/ 2 r. This is an important quantity because it occurs, along with V, the perturbation equations. For comparison purposes, it has the advantage that an exact result is known: {r (r = 1) = 0 fcr all t. This follows directly from (4.1).
Irn Figure 7 ; vs r is shown for Case 3 at t = 100 and 600; ; is obtained from the finite difference solution using (5.1) as initial condition at a = 5 and using V (1,0) = 1. For t = 100 the errors resulting from use of V (1,0) = 1 are quite large; for t = 600 the errors are smaller but would be unacceptable in the solution of the eigenv3lue problem. For t = 100, r (r = 1) = -240 for the V (1,0) = 1 curve; ýr' (r = 1) = -1.5 for the curve using (5.1). The results using (5.2) are not shown in Figure 7 but Cr (r = 1) = 0.32 is obtained.
For t = 100, the assumption V (1,0) = I causes errors in V of the order of 10%; whereas, for t = 600 the errors are about 3%. Experience has shown that errors of 3 -4% in V give erroneous results for the eigenvalue.
VI. THE TURBULENT CASE
The same kind of approach can be used to derive the initial condition for the turbulent case. In fact the one-term solution is the same as for the laminar case, (5.1). Only the essential steps will be given here. With Vo = erfc R it is unlikely that a closed form solution to (6.2) can be obtained as was done for the laminar case; the homogeneous solution of (6.2) is the same as before. A numerical integration of (6.2) is certeinly feasible but has not been incorporated into the initial condition. For the turbulent case only the one-tern-, solution, Vo, has been used.
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VII. CONCLUSIONS
For an impulsive start, the boundary conditions for the spin-up equation prescribe a discontinuity in the velocity on the boundary. If this discontinuity is not treated properly, the finite difference solution of the spin-up equation will be in error. Although the errors continually decrease (because the spin-up equation is of the diffusion type) they may be significant even for one spin-up time. The treatment of the discontinuity proposed here consists of determining a local solution near the discontinuity and using that as an approximate initial condition. The degree of approximation has been investigated and limits of applicability determined. Tests of this approximate initial condition, over a range of Re and c/a, have shown th3t the errors in the solution are negligible at about one-half of the spin-up time; the time for negligible errors can be decreased by adjusting the parameters of the initial solution.
Cylinder, Coordinates, and Notation.
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